The relativistic nuclear recoil corrections to the energy levels of low-laying states of hydrogen-like and high Z lithium-like atoms in all orders in αZ are calculated. The calculations are carried out using the B-spline method for the Dirac equation. For low Z the results of the calculation are in good agreement with the αZ -expansion results. It is found that the nuclear recoil contribution, additional to the Salpeter's one, to the Lamb shift (n = 2) of hydrogen is −1.32(6) kHz. The total nuclear recoil correction to the energy of the (1s) 2 2p 1 2 − (1s) 2 2s transition in lithium-like uranium constitutes −0.07 eV and is largely made up of QED contributions. PACS number(s): 12.20.Ds, 31.30.Jv
Introduction
As is known, in the non-relativistic approximation the nuclear recoil correction for a hydrogen-like atom can be taken into account by using the reduced mass µ = mM m+M . The relativistic corrections of order (αZ)
can be found by employing the Breit equation [1] . A theory of the nuclear recoil effect in higher orders in αZ must be constructed in the framework of quantum electrodynamics (QED) on the basis of an exact relativistic equation for hydrogen-like atom. Such an equation was proposed by Bethe and Salpeter [2] immediately after creation of QED. On the basis of this equation the nuclear recoil corrections were calculated in [3] up to terms of order (αZ)
2 . It was shown in this work that the nuclear recoil effect in the case of a complex nucleus is calculated in a good approximation by assuming the nucleus is the Dirac particle with the charge |e|Z and the mass M. Subsequently these corrections were recalculated by a number of authors [4] [5] [6] . Calculations of the nuclear recoil corrections of the next order in αZ were considered in [7] [8] [9] [10] [11] .
In the theory of high-Z one-electron ions the parameter αZ can no longer be considered small. For this reason calculations of the nuclear recoil corrections for such systems must be carried out without expansion in αZ. In contrast to other QED effects in the region of strongly bound states (αZ ∼ 1), the calculation of the nuclear recoil effect at high Z demands using QED outside the external field approximation. ( Calculations of QED effects in hydrogen, positronium, and muonium correspond to the case of weakly bound states (αZ ≪ 1).) In this connection a non-trivial problem of derivation of closed expressions for the nuclear recoil corrections in all orders in αZ arises. This problem was first discussed in [12, 13] . The work [12] was based on the Bethe-Salpeter equation. This approach encountered serious technical difficulties, associated with summation of a complete sequence of irreducible diagrams. These difficulties were partly overcome only in the lowest orders in αZ. Complete αZ-dependence expressions were not found in this way. In [13] a general case of a relativistic few-electron atom was considered. An efficient method for summing of the Feynman diagrams in the zeroth and first orders in m M , based on an expansion of the nuclear propagator, was proposed in this paper. However, because the procedure of the derivation of the nuclear recoil corrections was not rigorously formulated, the method considered there gave several ambiguities in the expressions for the nuclear recoil cor-rections. In addition, certain errors were made in derivation of the formulas for the contributions with one and two transverse photons. As result, only a part of the expressions for the relativistic nuclear recoil corrections was found in this work. The complete expressions for the nuclear recoil corrections for hydrogen-like atoms were obtained in [14] (the overall sign of the two-transverse-photons contribution was corrected in [15, 16] ). The paper [14] was based on a version of the quasipotential approach that immediately gives the Dirac equation in the limit of infinite nuclear mass [17, 18, 5] . ( The quasipotential approach was first introduced in quantum field theory by Logunov and Tavkhelidze [19] and was subsequently developed by many authors (see, e.g., [20] ). This approach is absolutely rigorous and, in contrast to the Bethe-Salpeter equation, allows one to exclude the relative time (energy) in the wavefunction from the very beginning. The quasipotential equation can be represented in the evidently covariant form [20, 17] .) The relevant quasipotential equation in the center-of-mass system is (the relativistic units h = c = 1 are used)
where α, β are the Dirac matrices acting on the electron variables. The quasipotential V (E) can be constructed by various methods [17, 19, 20] . One of the methods consists in using the relativistic scattering amplitude with one particle (nucleus) on mass shell [17, 18, 21] . In this method the quasipotential V (E) may be defined by the Lippman-Schwinger equation
where
p 1 , q 1 are the electron variables, p 2 , q 2 are the nucleus variables; T is the offmass-shell relativistic scattering amplitude; u(q) is the wavefunction of the free nucleus with the positive energy normalized by the condition u † (q)u(q) = 1 . In [14] the quasipotential V (E) was constructed in the zeroth and first orders in m M
. So, the closed expressions for the nuclear recoil corrections in the first order in m M and in all orders in αZ were obtained. The most detailed derivation was published in [22] . In [16] these results were generalized to the case of high Z few-electron atoms. For that a more general method was developed. In the second section of the present paper we briefly formulate the results of [16] . In the third section the calculation of the nuclear recoil corrections for hydrogen-like atoms is considered. In the fourth section the corrections for high Z lithium-like atoms are calculated.
Basic formulas
We consider the system of Dirac particles: a nucleus with mass M and N electrons with mass m. Following to ideas of the quasipotential approach we introduce in the center-of-mass system the two-time Green function with the nucleus on the mass shell
where ψ(x) is the electron-positron field operator in the Heisenberg representation, T is the time ordered product operator;
are the in and out states of the nucleus; p and λ are momentum and polarization of the nucleus. Here we normalize the operators a in and a out by
Let us introduce the Fourier transform of G:
In the center-of-mass system we have
Let we are interested in the energy of a bound state n of the atom. The spectral representation of G(E) gives
where E n is the bound state energy with the nucleus rest mass subtracted, the wavefunction Φ n is defined by equation
The Green function G(E) is constructed by perturbation theory after transition in (5) to the interaction representation. Let the energy level n belong to a m-fold degenerate level E (0) n in the limit M → ∞ if the radiative and interelectronic interaction corrections are neglected. (The neglect of the interelectronic interaction in the zeroth approximation is justified for high Z few-electron atoms (N ≪ Z).) The m-dimensional subspace generated by the unperturbed eigenstates making up this level we designate as Ω. The projector on Ω is
ψ k are solutions of the Dirac equation in the Coulomb field of the nucleus:
Let us introduce the Green function g:
For this Green function, like G(E), we have
where φ n = P 0 Φ n belongs to the subspace Ω. Constructing g(E) by the perturbation theory in the interaction representation we get it in the form of a series in powers in αZ. However, we are interested in an expansion in another parameter, namely, . We designate the contribution of the terms of the zeroth order in m M by g 0 . In [16] it was found
From the equation (16) and the identity
we obtain for
Or, introducing the quasipotential operator
where ∆g ≡ g − g 0 , we obtain
It follows the equation for determination of the energy levels
It should be stressed that equation (22) is absolutely rigorous within QED and gives, in principle, the exact energies of the m levels arising from the m-fold degenerate level E
n . In [16] the quasipotential v ik was found in the first order in m M and in the zeroth order in α (but in all orders in αZ) by summing infinite sequences of the Feynman diagrams in the Coulomb gauge. For that the expansion of the nuclear propagator from [13] was used. Only the following kinds of the diagrams contribute in the considered order:
• The diagrams with only Coulomb photons.
• The diagrams with one transverse and arbitrary number of Coulomb photons.
• The diagrams with two transverse and arbitrary number of Coulomb photons.
The contribution from the diagrams with only Coulomb photons is
where |i s and |k s are the one-electron unperturbed states of the Dirac electron in the Coulomb field of the nucleus, belonging to the N-electron states i and k, respectively; p is the momentum operator, v s ≡ V c (r s ) = − αZ rs ; the symbol s ⊓ means that the factor δ isks is omitted in the product; δ + (ω) = i 2π
is the relativistic Coulomb Green function. ( Formally, the matrix element in equation (25) at fixed ω is infinite, due to the strong Coulomb singularity at r = 0 . It means that the integration over ω must be carried out on an intermediate stage of the calculation, depending on which representation of G is used.) The contribution from the diagrams with one transverse and arbitrary number of Coulomb photons consists of two terms. The first term depends on the spin of the nucleus and coincides with the Fermi-Breit expression for the hyperfine interaction [23] . The second term is
(v
α l (l = 1, 2, 3) are the Dirac matrices, D lm (ω) is the transverse part of the photon propagator in the Coulomb gauge. In the coordinate representation it is
The contribution from the diagrams with two transverse and arbitrary number of Coulomb photons is
The formulas (23)- (35) were derived in [16] . The corresponding formulas for the case of a one-electron atom were first obtained in [14] (the overall sign of the contribution ∆E tr(2) was corrected in [15, 16] ) and recently reproduced in [24, 10] .
The contributions v
tr (1) , and v 
In [25] the relativistic nuclear recoil corrections of order
(αZ) 4 to the energy levels of two-and three-electron multicharged ions were calculated using this operator. The expression (36) can be found by reformulating the Stone's theory as well [26] .
one-electrons contributions (24) , (25), (28) , (29) , and (34). The terms ∆E
(1) c and ∆E (1) tr (1) are leading at low Z. These terms can easily be calculated by using the virial relations for the Dirac equation [27] [28] [29] . Such a calculation gives [14] 
∆E
(1)
c + ∆E
where κ = (−1)
j is the total electron moment, l is the orbital moment, n is the principal quantum number, n r is the radial quantum number. Only these terms contribute within the
(αZ) 4 approximation. Expanding (39) in power series in αZ we find
The terms ∆E
tr (1) , and ∆E
tr(2) ( the equations (25), (29) , and (34) ) are given in the form that allows one to use the relativistic Coulomb Green function for their calculations. In addition, this form is convenient for αZ-expansion calculations [10] . However, in the present paper we transform these equations to ones that are most convenient for calculations using the finite basis set methods [30] [31] [32] .
Integrating over ω in (25) we find
(It should be noted here that the formula (41) was first found in [13] . Its derivation was refined in [14] . A similar formula but with the projector on the negative energy states of a free electron was obtained in the lowest order in αZ in [12] .) The matrix elements of the momentum operator are easily calculated using the identity [25] 
Rotating in (29) the integration contour in the complex ω plane we find
∆E (2,a)
where S(y) = S 1 (y) + S 2 (y) ,
. The term ∆E (2,c) tr (1) has real and imaginary parts. The imaginary part gives a small correction to the width of the level. Integrating over y in (45) and uniting the contributions ∆E tr (1) , and the real part of ∆E (2,c) tr (1) we find
The term ∆E (1,c) tr (2) , like ∆E (2,c) tr (1) , has an imaginary part which gives a small contribution to the width of the level.
After integration over angles that is easily carried out using formulas presented in Appendix, the calculation of the expressions (41), (47), and (52)-(54) was done using the B-spline method for the Dirac equation, developed in [31] . The zero boundary conditions and the grid selection algorithm proposed in [33] were used. However, we used the grid r i =
, where
. The radial integration caused no problems and was carried out with high accuracy using the GaussLegendre quadratures. The integration over y in (52) was also done by the Gauss-Legendre quadratures with a suitable transformation to map the infinite integration range to a finite one. The uncertainty of the integration was estimated from the stability of the result with respect to change of the number of integration points and the grid parameters and was found to be much smaller than the uncertainty due to the finiteness of the basis set. The size of the box was chosen to be sufficiently large so as not to affect the results. The uncertainty, due to the finiteness of the basis set, was estimated by changing the number of splines from 40 to 90. In addition, to make an independent estimate of the uncertainty of the numerical results we calculated the corrections ∆E (2) c and ∆E (2) tr(1) using two different representations for them. So, the correction ∆E (2) c was calculated by the formula (41) as well as by
We found that the results of both calculations coincided with each other with good precision, and this coincidence improved when the number of splines increased. The correction ∆E (2) tr (1) was calculated by the equation (47) as well as by (43)-(45). The results of both calculations coincided with each other with high accuracy. Table 1 , 2 and 3 show the results of the numerical calculation for the 1s, 2s, and 2p 1 2 states, respectively, expressed in terms of the function P (αZ) defined by
The functions P c , P tr(1) , and P tr (2) correspond to the contributions ∆E (2) c , ∆E (2) tr (1) , and ∆E 
are given. The uncertainties given in the tables correspond only to errors of the numerical calculation. In addition, there is an uncertainty due to deviation from the point single particle model of the nucleus, used here.
To make a more detailed comparison with the αZ-expansion calculations we represent the functions P c , P tr(1) , and P tr(2) for the s states in the form
The coefficients a i , b i , and c i can be calculated from our numerical results for the P (αZ)-functions. Such a calculation for the 2s state using the values of the P (αZ)-functions for Z =1,2,3,5,8,15,30 gives 
The coefficients a 1 , b 1,2 , and c 1,2 are in good agreement with Salpeter's results
Within errors of the numerical procedure our values b 3 , c 3 , are in good agreement with the analytical result of [8, 9] 
(the coefficient b 3 was first found in [7] ). The coefficient a 2 coincides, within the numerical errors, with the corresponding coefficient (a 2 = π = 3.1459) obtained in [7] . 
For the 1s state we have found a similar agreement.
To make a similar comparison for the 2p 1 2 state we represent the functions P tr (1) and P tr (2) for this state in the form
Let us consider the nuclear recoil corrections for hydrogen-like uranium. According to the formula (39) the first correction is
The second correction defined by (56) is
In the next section we use these results to find the total nuclear recoil contribution to the energy of the 2p 1 2 − 2s transition in lithium-like uranium.
High Z lithium-like atoms
The wavefunction of a high Z lithium-like atom with one electron over the closed (1s) 2 shell in the zeroth approximation is
The nuclear recoil correction for the lithium-like atom is the sum of the one-and two-electron corrections. The one-electron correction is obtained by summing all the one-electron contributions considered in the preceeding section over all the one-electron states that are occupied. According to (26) , (30) , and (35) the two-electron corrections for the state considered here are
The terms ∆E tr (2) have real and imagine parts and are cancelled by a part of the one-electron terms ∆E (2,c) tr (1) and ∆E (1,c) tr (2) , which corresponds to the 1s states. So, for the (1s) 2 2s and (1s) 2 2p 1 2 states the imagine parts of the one-and two-electron contributions are completely cancelled.
We note here that the nuclear recoil corrections for a high Z lithium-like atom with one electron over the closed (1s) 2 shell can be obtained from the nuclear recoil corrections for the hydrogen-like atom by changing the sign of i0 in the denominators of the electron propagator in the Coulomb field of the nucleus, corresponding to the states of the closed shell. It follows, in particular, the sum of the one-and two-electron Coulomb contributions can be represented in a simple form
The 
Here we have taken into account the known non-relativistic limit of this correction [34] . Within the
For comparison, this function is given in the table as well. The functions Q c (αZ), Q tr(1) (αZ), and Q tr(2) (αZ) correspond to the corrections ∆E
tr (1) , and ∆E (int) tr(2) , respectively. In leading orders in αZ they are
For low Z, in addition to the corrections considered here, the Coulomb electron-electron interaction corrections to the non-relativistic nuclear recoil contribution must be calculated separately. The main contribution from these corrections is of order
. Sometimes, to estimate the nuclear recoil corrections for high Z the nonrelativistic nuclear recoil operator is averaged with the Dirac wavefunctions. But, as one can see from the formulas (75)-(77) and the table 4, like the one electron case (see the formulas (37)- (40)), this contribution is considerably cancelled by the one-transverse-photon contribution.
According to [35] the experimental value of the energy of the (1s) 2 2p 1 2 − (1s) 2 2s transition in lithium-like uranium is 280.59(10) eV . Let us find the total nuclear recoil contribution to the energy of this transition. According to our calculation the term ∆E int is −0.03 eV . Adding to this value the one-electron contribution defined by (68) we find
This correction, largely made up of the QED contributions, is comparable with the uncertainty of the experimental value and, hence, will be important for comparison of theory with experiment, when calculations of all diagrams in the second order in α are completed. Table 1 : The results of the numerical calculation of the one-electron nuclear recoil corrections to the 1s state energy expressed in terms of the function P (αZ) defined by equation (56). P S (αZ) is the Salpeter's contribution defined by equation (57).
Z P c (αZ) P tr(1) (αZ) P tr(2) (αZ) P (αZ) P S (αZ) 1 -1.3111 (2) Table 2 : The results of the numerical calculation of the one-electron nuclear recoil corrections to the 2s state energy expressed in terms of the function P (αZ) defined by equation (56). P S (αZ) is the Salpeter's contribution defined by equation (58).
Z P c (αZ) P tr(1) (αZ) P tr(2) (αZ) P (αZ) P S (αZ) 1 -1.3112(2) 13.177 (1) Table 3 : The results of the numerical calculation of the one-electron nuclear recoil corrections to the 2p 1 2 state energy expressed in terms of the function P (αZ) defined by equation (56). P S (αZ) is the Salpeter's contribution defined by equation (59).
Z P c (αZ) P tr(1) (αZ) P tr(2) (αZ) P (αZ) P S (αZ) 1 -0.0000 -0.1440 -0.1571 -0.3011 -0.3088 5 -0.0007 
